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The dimensionality of a thermometer is key in the design of quantum thermometry schemes. In general,
the phenomenology that is typical of finite-dimensional quantum thermometry does not apply to infinite di-
mensional ones. We analyse the dynamical and metrological features of non-equilibrium Gaussian Quantum
Thermometers: on one hand, we highlight how quantum entanglement can enhance the readiness of composite
Gaussian thermometers; on the other hand, we show that non-equilibrium conditions do not guarantee the best
sensitivities in temperature estimation, thus suggesting the reassessment of the working principles of quantum
thermometry.
I. INTRODUCTION
The direct assessment of the properties of quantum me-
chanical systems is not always possible or convenient: in gen-
eral, any direct interference would alter the properties of the
system, possibly spoiling them. This problem has motivated
the research for effective schemes for indirect quantum prob-
ing that are able to provide information on the quantities of
interest while only weakly affecting the system at hand [1, 2].
Quantum thermometry, i.e. the estimate of the operating tem-
perature of a quantum system, offers interesting opportunities
for the design and application of indirect probing strategies,
which would be useful for the characterisation and control of
temperature of micro- and nano-devices [3–5].
Most of the current investigations in quantum thermometry
have used two-level systems as thermometers [6–8], shedding
light on the link between the equilibrium heat capacity of such
microscopic probes and the amount of information that can
be gathered on the temperature of the environment [10–12],
introducing bounds on the irreversible entropy production of
the probe [13–15], and clarifying the extent of the advantages
resulting form finite-time interactions for both temperature
discrimination and estimation [12, 16]. Such investigations
have ultimately opened the path to the exploration of the role
played by genuine quantum features in the enhancement of the
thermometric performance of two-level quantum probes [17–
27]. However, little has been explored about the effects that
the dimensionality of the quantum probe has on the features
of a given thermometric protocol.
This is precisely the context within which the study reported
in this article moves. We consider quantum thermometry op-
erated using infinite-dimensional (Gaussian) quantum probes,
each interacting with its own thermal bath, whose tempera-
ture we aim at estimating [28–30]. We show that entangle-
ment between the probes significantly impacts on the readi-
ness of the thermometer, thus marking significant discrep-
ancies with the recently explored finite-dimensional case re-
ported in Ref. [31], where geometric considerations on the
dynamics of the thermometer have been explored.
Here, we show that a composite thermometer operating un-
der non-equilibrium conditions not always offers higher sen-
sitivities in temperature estimation, thus leaving room for the
reappraisal of some of the aspects underpinning quantum ther-
mometry [12, 21].
While the formalism used to illustrate our findings is that of
Gaussian quantum states and operations [32, 33], our study
addresses a wealth of physical situations of strong exper-
imental relevance for quantum probing, from micro-/nano-
mechanical oscillators driven by optical or electric forces to
microwave fields in superconducting waveguides and atomic-
spin systems collectively coupled to driving fields [34].
The remainder of this work is organised as follow: in Sec.
II, we describe the model addressed in our analysis. Sec. III is
devoted to geometric considerations leading to the definition
of a dynamical speed on the Riemannian manifold of quan-
tum states. In Sec. IV, we discuss the metrological accuracy
of the probing mechanism through the evaluation of the non-
equilibrium Quantum Fisher Information (QFI) of the system.
Sec. V then summarises our findings and opens up new per-
spectives of investigation.
II. THE PHYSICAL MODEL
We consider a thermometric scheme which is based on the
weak interaction between two N-atom spin-systems (labelled
as a and b) and their respective thermal bath. Collective states
of atomic spin systems have long been considered for metro-
logical tasks in light of their high sensitivity [35], and thus
embody a natural platform where to investigate thermometry.
The ground and excited states of each atom are |g〉 and |e〉,
respectively, and the free Hamiltonian of the probing system
is Hˆ0 = ~ωa(
∑N
k=1 σˆ
z
k,a + 1/2) + ~ωb(
∑N
k=1 σˆ
z
k,b + 1/2), where
ωa,b represents the transition frequency of the atoms. The en-
sembles are coupled through the interaction term
Hˆint =
~G
2
Sˆ xaSˆ
x
b, (1)
where we have introduced the collective spin operators Sˆ xj =
Sˆ −j + Sˆ
+
j with Sˆ
±
j =
∑N
k=1 σˆ
±
k, j ( j = a, b) and σˆ
+
k = σˆ
−†
k =
|e〉〈g|k. Eq. (1) results from the off-resonant dipole-like cou-
pling of the two ensembles with the same light field, which is
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2FIG. 1. Conceptual scheme of the protocol. Two ensembles of
atomic spin-states are led to interact with an environment which is
made by two independent Markovian thermal baths at temperatures
Ta and Tb, with average numbers of excitations Ma and Mb. The
interaction between the two ensembles is modulated through the G
parameter. The dissipation to the local thermal bath depends on the
ka,b decay rate.
then adiabatically eliminated [35]. As collective spin-systems
are symmetric with respect to particle exchange, we can ig-
nore any external degree of freedom associated with position
of the individual particles.
As mentioned, local and independent baths – coupled to
the respective subsystem at a rate k j – induce thermal fluctu-
ations described introducing input operators jˆin, each charac-
terised by the two-time correlation functions 〈 jˆin,†(t) jˆin(t′)〉 =
M jδ(t − t′), and 〈 jˆin(t) jˆin,†(t′)〉 = (M j + 1)δ(t − t′). Here,
M j = (e~ωa/kBT j − 1)−1 is the thermal occupation number of
bath j at temperature T j and kB is the Boltzmann constant [37].
We assume that the spin system exhibits no large fluctua-
tions (enforced by the assumption of M j . 1), so that the col-
lective spin operators can be mapped onto effective bosonic
degree of freedom – with creation and annihilation opera-
tors jˆ and jˆ† ( j = a, b) respectively – through a Holstein-
Primakoff (HP) transform [38, 39]. In this regime, the inter-
action Hamiltonian is recast into the form Hˆinthp = ~GN/2(aˆ
† −
aˆ†aˆ†aˆ/2N + h.c.)(bˆ† − bˆ†bˆ†bˆ/2N + h.c.): in this contribution,
terms of order higher than quadratic are suppressed by at least
a factor 1/N.
The dynamics is then described through the Heisenberg-
Langevin equations
∂tuˆi(t) =
i
~
[Hˆhp, uˆi(t)] + Rˆi(t) (2)
with Hhp the total Hamiltonian of the system in the HP regime,
uˆ = (aˆ, aˆ†, bˆ, bˆ†) and Rˆ = (aˆin, aˆin,†, bˆin, bˆin,†). The presence
of non-linear terms in Hˆhp makes the dynamics very difficult
to tackle. In order to overcome this hurdle, we consider the
fluctuations of the HP operators by taking the first-order ex-
pansion jˆ = j¯ + δ jˆ, where j¯ ∈ C is a classical mean value and
δ jˆ is a zero-mean fluctuation operator [40]. The linearisation
remains valid until the fluctuations of the HP operators are
small compared to the steady-state values. On these grounds,
we are legitimated to remove the non-linear contributions in
the fluctuations from Eq. (2). By introducing the vector of the
dimensionless quantum fluctuations δ fˆ = (δxˆa, δpˆa, δxˆb, δpˆb),
where δxˆ j = (δ jˆ† + δ jˆ)/
√
2, and δ pˆ j = i(δ jˆ† − δ jˆ)/
√
2, we
obtain the dynamical equations
∂tδxˆa = ωaδpˆa − kaδxˆa,
∂tδ pˆa = −ωaδxˆa −GNδxˆb − kaδ pˆa,
∂tδxˆb = ωbδpˆb − kbδxˆb,
∂tδ pˆb = −ωbδxˆb −GNδxˆa − kbδ pˆb,
(3)
describing the dynamics of the quadrature operators for the
two ensembles. Eq. (3) includes terms accounting for dissipa-
tion at rate k j into the local baths.
The linearity of Eq. (3) and the choice of initial Gaussian
states imply that the probability distribution describing the
system is Gaussian at any time. Under these conditions, the
complete description of the whole system can be enshrined in
the covariance matrix of the fluctuations σmn = 〈{δ fˆm, δ fˆn}〉,
as the first moments are always null. The equation of motion
for the covariance matrix σ takes the form of a deterministic
diffusion Lyapunov equation ∂tσ = Aσ + σAT + D, where A
is the kernel matrix of the system’s fluctuation operator, and
D = 2ka(2Ma + 1)Ia ⊕ 2kb(2Mb + 1)Ib is the diffusion matrix
with I j the 2 × 2 identity matrix.
The stability of the solution is guaranteed by the Routh-
Hurwitz test, ensuring that a unique non-equilibrium steady
state described by the stationary covariance matrix σs satis-
fying Aσs + σsAT = −D is eventually achieved [41]. If the
whole system is non-interacting, each ensemble will equili-
brate with its own thermal bath thus leading to a final thermal
state.
In what follows, we will exploit this model to explore the
readiness of the composite Gaussian probe by introducing a
geometric figure of merit able to define its dynamical speed.
Moreover, we seek to investigate the metrological accuracy of
such a non-equilibrium thermometer.
III. GEOMETRIC CONSIDERATIONS
Here, we highlight the geometric features of the dynam-
ics at hand making use of Riemannian tools. Specifically, we
refer to the set of density matrices of a given quantum sys-
tem, which form a Riemaniann manifold S over the Hilbert
space H of the system: the one-to-one correspondence be-
tween the state of the system and its placement onto the mani-
fold is such that, while evolving, the state will draw a curve `γ
on S, depending on t. For each q ∈ `γ, an inner product on the
tangent space TqS of the manifold S can be defined permit-
ting the definition of an infinitesimal length ds2 = Zρˆ(dρˆ, dρˆ)
[31, 42, 43]. The reconstruction of an analytic form for the
Riemannian metric Zρˆ in our problem is made difficult by the
lack of a version of the Morozova-Cˇencov-Petz (MCP) theo-
rem for infinite-dimensional systems [44–47]. The MCP the-
orem states that each Riemannian metric for discrete variable
systems is characterized by a correspondence with a set of
functions that, by satisfying very restrictive conditions, can
3FIG. 2. Behaviour of the Riemannian speed v2B() vs the symplectic eigenvalue ν˜−. The panels refer to different configurations of the system:
in particular, (a) − (c) GN = 0, (d) − ( f ) GN = 0.35, (a)(d) Ma = Mb = 0.1, (b)(e) Ma = Mb = 0.5, (c)( f ) Ma = Mb = 1. In the ν˜− ≤ 1
entangled region, the lower bound on the Riemannian speed rears up more and more evidently when the temperature of the baths raises up.
lead unambiguously to the quantum Fisher information metric
[48, 49]. The restriction to Gaussian states, however, greatly
simplifies the problem as the first and the second moments
of the system are the only elements to be considered for its
complete description [50, 51].
Here, we focus on the Bures metric ds2B = 2[1 − F (ρˆ, ρˆ +
dρˆ)], which can be computed through the Uhlmann fidelity
F between two infinitesimally-close Gaussian states ρˆ, and
ρˆ + dρˆ [47, 52, 53]. By calling r and σ as the first and second
moments of the state ρˆ, the Bures metric can be expressed as
ds2 = (drTσ−1dr)/2 + δ/8, where δ = Tr[dσ(Lσ +LΩ)−1dσ],
with Ω as the d-mode symplectic matrix Ω = ⊕dj=1iσy, j (here,
d = 2 as we consider two-mode systems, and σy, j is the y-
Pauli matrix of the subsystem j), and LY X := YXY for any
pair of operators X and Y . The inverse operation on the super-
operator refers to the Moore-Penrose pseudo-inverse.
With simple algebra, the following form of the Bures metric
can be obtained
ds2B =
1
4
∑
j=±
(
ν j(t + dt) − ν j(t)
)2
ν j(t)2 − 1 , (4)
where ν± represent the symplectic eigenvalues of the Gaussian
state. Eq.(4) provides a simple and general way to manipulate
the geometrical features of the considered Gaussian dynamics
[53]. As a direct consequence of the Williamson’s theorem,
the covariance matrix of the subsystem σa,b can be reduced
in its standard form such that detσa,b = ν2a,b, with νa,b being
the symplectic eigenvalue of the subsystem. In this way, the
local form of the infinitesimal length ds2B, j for the subsystem
j = a, b can be obtained ds2B, j =
1
4
(ν j(t+dt)−ν j(t))2
ν j(t)2−1 , proving that
ds2B , ds
2
B,a + ds
2
B,b.
The above constructions lead to the instantaneous speed of
quantum evolution on the Riemannian manifold
v2B(t) =
1
4
∑
j=±
(
∂tν j(t)
)2
ν j(t)2 − 1 , (5)
depending on the time derivatives of the symplectic eigenval-
ues ν± of the Gaussian state. The form of the Riemannian
speed in Eq. (5) can be applied whenever an active feedback
mechanism suppressing the drift of the first moments is con-
sidered. It is noteworthy to stress that, under this condition,
Eq. (5) does not depend on the specific dynamics at hand, and
it is hence valid for general Gaussian closed and open system
dynamics.
In what follows, we shed light on the consequences of non-
classical correlations on the instantaneous Riemannian speed
of the system. Being the latter a purely dynamical figure of
merit, it is not explicitly connected to the accuracy of the ther-
mometer at hand. On one side, such an inspection can be
prospecting in unearthing dynamical aspects of quantum cor-
relations, i.e. entanglement, while on the other can lead to a
more profound understanding of the dynamical readiness in
the context of quantum thermometry. This exploration can
be opportunely managed numerically, as correlation quanti-
fiers are non-linear functions of the state: in this regard, we
proceed by randomly generating a large number of Gaussian
states to explore the role of non-classical features in the initial
Riemannian speed of the system.
The results of our numerical analysis are shown in Fig. 2,
where we considered the symmetric case of Ma,b = M. There,
we report the Riemannian speed of Gaussian states undergo-
ing the dynamics shown in Eq. (3) for an arbitrarily small time
4FIG. 3. Plots of the non-equilibrium QFI QM(t) for different initial preparations of the system as a function of the interaction time t. In all
plots, red curves describe the behaviour of QM(t) for initial thermal states σ0 = (1 + 2M¯a)I2 ⊕ (1 + 2M¯b)I2 with M¯a = M¯b = 0.1, blue curves
show the same dispersion for locally squeezed vacuum states σ0 = (S aσ0,aS Ta ) ⊕ (S bσ0,bS Tb ) with σ0,a = σ0,b = I2 and S a (S b) a squeezing
transformation with parameter ra = 2 (rb = −2), and green curves are associated to initial two-mode squeezed states (twin-beam states) with
parameter r = 2. The maximum of the QFI is reached when the system approaches its steady state, so that any absolute metrological advantage
in the non-equilibrium regime is not observed. At the very beginning of the dynamics, the considered squeezed states show a neat advantage
than their thermal counterpart: the rung characterising such an advantage is relatively more pronunced when the temperature of the bath is
higher ((a)-(d) M = 0.1, (b)-(e) M = 0.5, and (c)-(f) M = 1). The presence of the interaction between the two ensembles does not modify the
general trend of the QFI ((a-c) GN = 0, (d-f) GN = 0.35).
 versus the smallest symplectic eigenvalue ν˜− of the covari-
ance matrix associated with the partially transposed state of
the system. According to the CV counterpart of the Peres-
Horodecki criterion, entangled (separable) states have ν˜− < 1
(ν˜− ≥ 1) states [54]. In contrast to what emerges from qubit-
based thermometry [31], the termometric phenomenology of
CV entangled states is different from that resulting from the
use of separable states. In particular, the trends displayed
by Fig. 2 suggest that larger degrees of entanglement – i.e.
smaller values of ν˜− – correspond to growing values of the
minimum initial Riemannian speed. Statistically, entangled
states appear to increase the initial readiness of the thermome-
ter. Differently from qubit-based thermometry, the physical
origin of this feature seems to be intrinsically related to non-
classical effects. The numerical analysis points out the depen-
dence of the lower bounds to the temperature of the external
environment: in the entangled region, the larger the temper-
ature of the baths, the larger the minimal initial Riemannian
speed of the thermometer. Moreover, it is remarkable to high-
light that maximally entangled Gaussian states at fixed global
and local purities approach the lower bound to the Riemannian
speed at a given degree of entanglement, thus having the slow-
est response to the dynamics induced by the baths. Such states
can be expressed as entangled two-mode squeezed thermal
states, whose free parameters can be suitably minimised to
numerically build the lower bound shown in Fig. 2. The pres-
ence of the interaction (G , 0) between the two subsystems
does not affect the dynamical behaviour of the thermometer in
Fig. 2 as it is prospected to emerge at longer times.
IV. METROLOGICAL CONSIDERATIONS
As a second point of our investigation, we aim at exploit-
ing the designed setup to build indirect measurement schemes
able to infer temperature-related parameters associated to the
environment. As we are probing a property of the bath,
which is maintained in its initial thermal state, the tempera-
ture here is a well-defined parameter throughout the evolu-
tion. In other words, we are not concerned with an effec-
tive temperature of the probe, nor we need to be. In partic-
ular, the case at hand is ideal for this purpose as the adopted
system can be initialised with a high degree of control, and
then effectively measured after its interaction with the sam-
ple to be probed. In the adopted scheme, we consider N
independent copies of the system at hand, allowing for the
same number of independent measurements which can be im-
plemented to obtain an unbiased estimator M˜ for the average
number of excitations in the baths M. In this case, the vari-
ance ∆2M = 〈(M˜ − M)2〉 satisfies the Quantum Crame´r-Rao
bound (QCRB) ∆2M ≥ 1/NQM , where QM is the Quantum
Fisher Information (QFI). Plainly, the accuracy of the mea-
surement can be enhanced by increasing the QFI [55, 56].
The latter can be promptly interpreted as the distance between
5Gaussian states interacting with thermal baths whose average
numbers of excitations differ by an infinitesimal variation, so
that QM(t) = 8(1−F (ρˆM(t), ρˆM+dM(t)))/dM2, where the func-
tional F is the Ulhmann fidelity between the Gaussian states
of the thermometer ρˆM and ρˆM+dM which are respectively in-
teracting with environments at temperature M and M + dM.
Remarkably for Gaussian states, the evaluation of the QFI can
be traced back to the Wigner formalism being first and second
moments sufficient for the complete description of the state
[53]. In the specific case at hand, where first moments can be
flashed out from the computation, the fidelity can be defined
as
F 4(ρˆM(t), ρˆM+dM(t)) =
det
[
2
(√
I + (Ξ(t)Ω)
−2
4 + I
)
Ξ(t)
]
det
[
σM (t)+σM+dM (t)
2
] , (6)
where 2ΩΞ(t) = (σM(t)+σM+dM(t))−1(Ω+σM+dM(t)ΩσM(t)).
A reparametrisation of the QFI is made possible by the fact
that M is a continuously differentiable function of T . In this
spirit, the QFI on the temperature can be expressed as
QT (t) = QM(t)
ω2csch4
(
ω
2T
)
16T 4
. (7)
The plots in Fig. 3 show the dispersion of the non-equilibrium
QFI QM(t) as a function of the interaction time t. At vari-
ance with the findings in Ref.[7, 12, 16] where qubit-based
thermometers have been considered, we notice how non-
equilibrium conditions do not enhance the accuracy of temper-
ature estimation in the Gaussian regime. In particular, QM(t)
reaches its maximum value when the thermometer approaches
its steady state. Fig. 3 shows that thermometers prepared
in a thermal state allow to get the maximum of the QFI in
less time, if compared to initial locally squeezed or two-mode
squeezed states. The presence of non-classical resources in
the initial state of the thermometer brakes the achievement
of the maximum in the QFI, but powers up its accuracy for
very short times. Entanglement does not appear to have a
clear role in enhancing the performance of the probe: indeed,
thermometers prepared in two-mode squeezed states can lead
to both increased and decreased metrological performances
if compared to those prepared in locally squeezed vacuum
states. In particular, the quantum-enhancement in temperature
estimation due to the presence of the non-classical correlation
is well displayed at short times, where entanglement leads up
the QFI. It is remarkable to highlight that such an advantage
appears more pronounced for low temperatures of the external
thermal bath, and deteriorates the accuracy of the thermome-
ter in the remaining transient of the non-equilibrium dynam-
ics. The presence of the interaction between the subsystems
accelerates the attainment of the optimal metrological condi-
tion, and reduces the gap between two-mode squeezed states,
and locally squeezed vacuum states.
V. CONCLUSIONS
We have shown that the link between quantum features and
facets of quantum thermometry are often elusive. By address-
ing explicitly the CV regime, we have highlighted a profound
discrepancy in the way small-scale thermometers are influ-
enced by quantum features. In the examined case, the in-
stantaneous response of the Gaussian thermometer to the in-
teraction with the environment shows a dependence on non-
classical correlations among probing subsystems: the min-
imum initial dynamical speed of the system raises up with
the amount of entanglement and depends on the temperature
of the bath. No exceptions for the performance of the ther-
mometer, which can be powered up for very short times by
using quantum resources. The latter, however, can be detri-
mental for the remainder transient dynamics of the thermome-
ter, reducing the non-equilibrium QFI with respect to classical
states. The picture coming out of our assessment pushes for
further exploration of the role of quantum facets in quantum
thermometry. The presence of higher-order non-linearities in
the interaction Hamiltonian of the subsystems ought to be
taken in consideration to investigate unexplored thermomet-
ric regimes.
Note: During preparation of this manuscript, we became
aware that similar considerations have been independently
highlighted by I. Gianani et al.
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APPENDIX
Holstein-Primakoff transformation
In this Appendix, we briefly show how to manipulate
the Hamiltonian of the whole system through the Holstein-
Primakoff transformation.
Assuming that N  1, the Holstein-Primakoff transforma-
tion to boson creation and annihilation operators is defined by
these relations
Sˆ +j =
√
N jˆ† Jˆ, Sˆ −j =
√
NJˆ jˆ, Sˆ zj = jˆ
† jˆ − N
2
, (8)
where [ jˆ, jˆ†] = 1, and Jˆ =
√
1 − jˆ† jˆ/N (Aˆ and Bˆ for the con-
sidered ensembles) is an operator ensuring that the operators
6in Eq. (8) fulfil the SU(2) algebra. It is fair to say that the
operators in Eq.(8) can be referred to the specific ensemble of
atomic spin-states by substituting aˆ and bˆ to the generic op-
erator jˆ. In terms of the collective bosonic Dicke operators,
the Hamiltonian of the system Hˆhp results to be the sum of the
free Hamiltonian Hˆ0hp = ~ωa(aˆ
†aˆ − (N − 1)/2) + ~ωb(bˆ†bˆ −
(N − 1)/2), and the interaction one Hˆinthp = ~G/2(
√
Naˆ†Aˆ +√
NAˆaˆ)(
√
Nbˆ†Bˆ +
√
NBˆbˆ). The presence or not of non-linear
effects from the Jˆ-like operators results from a trade-off be-
tween 〈 jˆ† jˆ〉 and N. In general, the operators in Eq.(8) can be
manipulated through the Jˆ =
∑∞
h=0
(2h)!
(1−2h)(2hh!)
( jˆ† jˆ)h
Nh expansion:
here, we limit the expansion to Jˆ ∼ 1 − jˆ† jˆ/2N + O(N−2)
which leads to the non-linear interaction Hamiltonian Hˆinthp =
~GN/2(aˆ† − aˆ†aˆ†aˆ/2N + h.c.)(bˆ† − bˆ†bˆ†bˆ/2N + h.c.), corre-
sponding to the Hamiltonian used in the main text. It is re-
markable to verify that the structure of this interaction Hamil-
tonian reduces to the one describing a position-like interaction
between harmonic oscillators when dropping the non-linear
contributions from the expansion.
In order to account for the open dynamics of the ther-
mometer, we make use of the Heisenberg-Langevin equations
∂tOˆ = i~ [Hˆhp, Oˆ] + Nˆ, with Oˆ as a generic operator of the sys-
tem. The problem of determining the dynamics of the probe
reduces to the evaluation of the commutators [Hˆhp, Oˆ]. The
contributions to the dynamics arising from the evalutation of
these commutators can be highly non-linear: a way to over-
come this roadblock consists in referring to the fluctuations δOˆ
of the Oˆ operators defined through the Oˆ = Os +δOˆ expansion.
In this way, we are legitimate to drop out the non-linear con-
tributions in the fluctuation operators, and the problem greatly
simplifies. In what follows, we report the computation of the
[Hˆhp, δxˆ j] commutator resulting in
[Hˆhp, δxˆa] = −i~ωδ pˆa, [Hˆhp, δxˆb] = −i~ωδ pˆb. (9)
The commutators of the [Hˆhp, δpˆ j] quadrature position fluctu-
ation operators have the following form
[Hˆhp, δpˆa] = i~GN~δxˆb + i~ωaδxˆa, and (10)
[Hˆhp, δpˆb] = i~GN~δxˆa + i~ωbδxˆb. (11)
The contribution of the classical terms to the Heisenberg-
Langevin equations is negligible when considering αs(0) =
βs(0) = 0.
Geometrical considerations: Bures metric
The Bures metric between two infinitesimally close Gaus-
sian states can be defined as ds2B = 2[1 − F (ρˆ, ρˆ + dρˆ)]. Ex-
ploiting the Gaussian peculiarities of the states at hand, and
considering a feedback mechanism suppressing the drift of the
first moments in the phase-space, the Bures metric reduced to
ds2B = δ/8. In the case of a two-mode Gaussian state, a sim-
ple way to evaluate the Bures metric consists in building the
Simon invariant form of the covariance matrix
σ =
(
α γ
γT β
)
, (12)
where α = diag[a, a], β = diag[b, b], and γ = diag[c+, c−].
Moving to the basis diagonalising W = −iσΩ, the form of δ
greatly simplifies [53]
δ =
∑
i j
dwidw j
wiw j − 1 , (13)
where wi-s represent the eigenvalues of W, and dwi-s rep-
resent their deviations. By exploiting the Binet theorem
for which det W = det(−iΩ) detσ = (−i)2d detσ (d be-
ing the number of modes), the spectrum of W can be ex-
pressed in terms of the symplectic eigenvalues ν± of σ.
In the case at hand, wi is an element of Spec[W] =
(−i √−ν2+,+i √−ν2+,−i √−ν2−,+i √−ν2−), where
ν2± =
1
2
[
∆ ±
√
∆2 − 4 detσ
]
, (14)
with ∆ = detα + det β + 2 det γ. The ex-
pression of W can be thus recast as W =
diag[−i √−ν2+i2,+i √−ν2+i2,−i √−ν2−i2,+i √−ν2+i2], such
that the differential of one of its components will correspond
to dwi = −i
√−ν2+(t + dt)i2 + i √−ν2+(t)i2. Thus, the Bures
metric can be expressed as
ds2B =
∑
i j
δi j
8
1
wiw j − 1dwidw j, (15)
where dwi = wi(t + dt) − wi(t) (same expression for dw j).
By deforming the simplex, thus introducing the new coor-
dinate
Γi =
1
4
√
2
log
( √
wiwi − 1 + wi√
wiwi − 1 − wi
)
, (16)
such that dΓi = (dΓα/dwα)dwi, with dΓα/dwα =
(2
√
2
√
wαwα − 1)−1, it is possible to gain a more compact
version of the Bures metric ds2B =
∑
i dΓidΓi, with which the
Riemannian speed results to be v2B(t) =
∑
i
dΓi
dt
dΓi
dt .
Similar considerations can be done for the evaluation of the
local Riemannian speed. In this case, the metric can be written
as ds2B, j =
1
4
(ν j(t+dt)−ν j(t))2
ν2(t)−1 so that ds
2
B , ds
2
B,a + ds
2
B,b.
Generation of random Gaussian states
In order to randomly generate Gaussian states, we reduced
the initial covariance matrices in the S p2,R ⊕ S p2,R Simon in-
variant form. Accordingly to [33], the positivity of the covari-
ance matrix σ, as well as the Robertson-Schro¨dinger uncer-
tainty relation (σ+ iΩ) ≥ 0 (reducing to ∆ ≤ 1+detσ for two-
mode states) dictate the physicality of the state. The S p4,R
covariances can be parametrised through the marginal purities
of the state µ1 = (detα)−1/2 = 1/a, µ2 = (detα)−1/2 = 1/b,
7and in terms of µ = (detσ)−1/2 = [(ab − c2+)(ab − c2−)]−1/2,
and ∆ = a2 + b + 2 + 2c+c− which are, respectively, the
global purity and the seralian of the state. With simple al-
gebra, the following expression c± =
√
µ1µ2
4 (η− ∓ η+) emerges,
with η∓ =
√
[∆(σ) − (µ1 ∓ µ2)2/µ21µ22]2 − 4/µ2. From both
the Robertson-Schro¨dinger condition and the presence of the
η± radicals, the following conditions on the S p4,R symplectic
invariants 0 ≤ µ1 ≤ 1, 0 ≤ µ2 ≤ 1, µ1µ2 ≤ µ ≤ µ1µ2µ1µ2+|µ1−µ2 | ,
and 2/µ + (µ1 − µ2)2/µ21µ22 ≤ ∆ ≤ min{(µ1 + µ2)2/µ21µ22 −
(2/µ), 1 + (1/µ2)} hold. In order to determine if the Gaussian
state is entangled or not, the PPT condition can be applied on
σ thus leading to σ˜ where γ → γ˜, with det γ˜ = − det γ, and
∆ → ∆˜ = detα + det β + 2 det γ˜ so that ∆˜ = ∆ − 4 det γ. The
symplectic eigenvalues of the partial transposed σ˜ covariance
matrix can be expressed as 2ν2∓ = ∆˜∓
√
∆˜2 − 4/µ2. From these
conditions, the PPT criterion can be reduced to ∆˜ ≤ 1 + 1/µ2
delimiting the region of separable (entangled) states, i.e. those
for which ν˜− ≥ 1 (ν˜− < 1). Such conditions allow for the
classifications of Gaussian states in terms of their separabilty
properties. In particular, the conditions µ < µ1µ2 as well as
µ > µ1µ2/(µ1µ2 + |µ1 − µ2|) identify unphysical regions for
Gaussian states, while µ1µ2 ≤ µ ≤ µ1µ2/(µ1 +µ2−µ1µ2) is the
region of Gaussian separable states. The remaining values for
µ can be opportunely splitted to mark a coexistence region for
µ1µ2/(µ1 + µ2 − µ1µ2) < µ ≤ µ1µ2/
√
µ21 + µ
2
2 − µ21µ22, and an
entangled one for the remaining physical values of the global
purity.
When fixing both global and local purities, Gaussian max-
imally entangled states can be obtained saturating the lower
bound of the Seralian range of values ∆ = 2/µ + (µ1 −
µ2)2/µ21µ
2
2. The Gaussian maximally entangled states for
fixed global and local purities (GMEMS) can be parametrised
through c± = ±(1/µ1µ2−1/µ)1/2. In the space of the entangled
states, GMEMS have shown to be the slowest ones as they ap-
proach the lower bound in the Riemannian speed appearing in
Fig.2.
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